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Abstract: The aim of the paper is to investigate a novel lifting wavelet 
algorithm based on a Gaussian prediction operator to filter freeform surfaces 
represented by 3D triangular meshes. The proposed algorithm is based upon the 
lifting scheme where wavelet decomposition is implemented using three major 
operators; the split, predict and update operator. This paper proposes a novel 
prediction operator based on a Gaussian function. The proposed algorithm is 
used to filter computer generated and real freeform surfaces and the results are 
compared with another lifting wavelet algorithm based on mesh relaxation 
prediction. Comparison shows that a Gaussian prediction operator achieved 
smoother results for the same decomposition levels. 
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1 Introduction 
Surface characterisation and parameterisation is a very important process which describes 
the surface using a set of parameters. These parameters give an indication of the quality 
of the surface and also interpret functional properties such as optical quality, service life, 
and reliability of the surface. These parameters are usually defined as a statistical 
measurement of the surface texture. Therefore the extraction of surface texture, and in 
particular surface roughness, is required as a prerequisite of surface parameterisation and 
characterisation.
Filtration algorithms are the key procedure in the extraction of surface texture. Novel 
filtering algorithms based on Fourier, Gaussian, robust Gaussian regression and wavelets 
have been developed during the last two decades, for example Lou et al. (2012a, 2012b), 
Bills et al. (2012), Zeng et al. (2005a, 2005b, 2010, 2011), Jiang and Blunt (2004), Jiang 
et al. (2008, 2011) and Su et al. (2008). Many of these algorithms have subsequently 
become industrial standards (ISO 16610-21, 2010; ISO 16610-61, 2010; ISO 16610-31, 
2010). Amongst all of these different techniques, wavelet filtering techniques have 
enjoyed a particular appeal for researchers in surface filtering and provides a 
mathematical microscope that is capable of decomposing a given surface into different 
scales and then analysing each scale with differing resolutions. Many wavelet  
based algorithms for surface filtering have been proposed and have proven their 
robustness and reliability for filtering different kinds of surfaces and in a variety of 
applications (Jiang and Blunt, 2004; Jiang et al., 2011; Zeng et al., 2005b). 
Three generations of surface filtering using wavelet transforms can be found in the 
literature. The first generation wavelet analysis is generated using dilations and 
translations of one particular function called the mother wavelet, these translations and 
dilations are implemented by convolving the input surface data with different filters or 
‘filter banks’. Using filter banks means that the calculation of the wavelet transforms 
requires Fourier analysis and/or convolution operations which are not only time 
consuming but also limit the application of such algorithms to regular data sets only. 
The design of filter banks in the first generation models can be roughly classified  
into orthogonal and bi-orthogonal filters (Chen et al., 1995; Jiang et al., 2000).  
The bi-orthogonal filters are more reliable for surface filtering as they have a linear phase 
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property which leads to real outputs without frequency aliasing and phase distortion.  
First generation wavelet was successfully applied to filter many surfaces, for example it 
was successfully applied in de-noising areal surface stylus instrument measurements 
(Jiang et al., 1999). 
Sweldens proposed the lifting scheme as a new construction tool for wavelets, which 
he referred to as second generation wavelets. The lifting scheme generalises the first 
generation and could be applied to both regular and irregular data sets (Sweldens, 1995, 
1996, 1998). The lifting scheme allows the construction of filter banks entirely  
in the spatial domain and eliminates the need for Fourier or convolution operations which 
limit the first generation to only regular data sets. Instead of explicitly designing and 
specifying the scaling and wavelets functions, the lifting scheme decomposes that data 
through three major operations; splitting, prediction and updating. With the introduction 
of the lifting scheme, researchers have adopted this new generation of wavelet and 
applied it to surface filtering. The models for the second generation wavelet have helped 
in the analysis of many types of surfaces in different industrial applications, for example 
it has helped the Steel Industry to identify multi-scalar surface such as roughness, 
waviness and form (Jiang et al., 2000). 
The first and second generations of wavelet were, however, built using a real discrete 
wavelet transform and do not have the shift-invariant property; this means that small 
shifts of surface signal (step height, linear or curved scratches) can cause large variation 
in the distribution of energy between the wavelet coefficients at different scales. The lack 
of shift-invariance makes these models less sensitive to detect and extract certain 
morphological features, such as surfaces with linear and curved scratches. In many cases, 
morphological features have direction properties, however, first and second generation 
methods for extraction of such features are less effective since they do not sense direction 
and anisotropy. Consequently, the accurate extraction of direction morphological features 
is impossible under these wavelet models. To overcome these problems a new generation 
of wavelet models was required. 
A third generation of wavelet models based on bi-orthogonal complex wavelet 
transforms was proposed to eliminate the shift-variant properties of the first and second 
generations (Jiang et al., 2007a, 2007b; Jiang and Whitehouse, 2012). 
The three wavelet generations have been successfully applied to surface filtration and 
have extracted features from many surfaces. Nevertheless, these three generations  
were designed to filter, analyse and decompose simple surfaces that have Euclidean 
geometries in nature, i.e., the surface is represented by defining a height value over a 
planar domain. With the development of science and technology, more and more 
multifarious surfaces (freeform surfaces), that could have any design and have no 
rotational or translational symmetries are emerging which, unlike conventional surfaces 
have non-Euclidean geometries. These surfaces can no longer be represented as height 
values over a plane. Therefore, the previous wavelet generations cannot be applied to 
today’s freeform surfaces without distortion of the results. Thus, new algorithms that 
extend the application of wavelet analysis to the new emerging complicated surfaces are 
required. 
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2 Wavelets on 3D triangular meshes 
Freeform surfaces are non-Euclidean and therefore cannot be represented as height values 
over a planar domain. Therefore, these surfaces must be represented by new methods that 
can preserve the surface geometry. 
A 3D triangular mesh is one effective method to represent such surfaces because  
they are simple and give a good approximation of the real surface. There are many  
other methods to represent a freeform surface, each with different advantages and 
disadvantages. A survey of surface representation techniques can be found in Hubeli and 
Gross (2000). In this paper the 3D triangular mesh is adopted to represent freeform 
surfaces.
Interest in wavelets for 3D triangular meshes has increased among different research 
areas. Many researchers have proposed techniques to extend wavelet analysis to 3D 
triangular meshes. 
Lounsbery et al. have proposed bi-orthogonal filter banks to decompose regular and 
semi-regular 3D meshes into lower resolution counterparts together with a series of 
wavelet coefficients. In their method, they made the connection between the nested 
spaces of scaling functions and 3D mesh decomposition through the subdivision 
operation. They show that the subdivision scheme can be used to create the nested linear 
spaces required to build a multi-resolution analysis (Lounsbery et al., 1997). The 
decomposition is computed with two analysis filters and the reconstruction is done with 
two synthesis filters. 
Daubechies et al. proposed another technique that can handle irregular 3D meshes. 
Their technique is based on mesh simplification and subdivision schemes using a  
Burt-Adelson pyramid scheme. The design of the subdivision scheme is carried  
out by inserting new values in such a manner that the second order differences are 
minimised (Daubechies et al., 1999). 
Bonneau was the first to introduce multi-resolution analysis over non-nested spaces, 
which are generated by BLac-wavelets. A BLac-wavelet is a combination of the Haar 
function with the linear B-Spline function. In his work two major operators were 
proposed: the smoothing operator to compute the coarse mesh, and an error operator to 
determine the difference between the approximation and the original meshes (Bonneau, 
1998).
Schroder and Sweldens have proposed an extension of the lifting scheme to 
decompose spherical surfaces (Schroder and Sweldens, 1995a, 1995b). In their technique 
they divide the mesh into two sets of vertices, the first set contains the new vertices 
resulting from subdivision and the second set contains the old vertices that are used to 
determine the new values. Then the new vertices are predicted using interpolation 
techniques. 
Valette and Prost presented a wavelet-based multi-resolution decomposition of 
irregular surface meshes. The method is essentially based on Lounsbery decompositions. 
However the authors introduced a new irregular subdivision scheme. Their algorithm 
uses a complex simplification technique in order to define surface patches suitable for the 
irregular meshes (Valette and Prost, 2004). 
Roy et al. have proposed an MRA for irregular meshes based on split and predict 
operations (Roy et al., 2005). This algorithm consists of three main steps: split, predict 
and down-sampling. The split operator separates the odd and even vertices: the odd 
vertices were defined as a set of independent vertices which are not directly connected by 
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an edge. All the selected odd vertices are removed by a mesh simplification algorithm in 
the global down-sampling stage, and then predicted back using the prediction operator 
that relaxes the curvature using the Meyer smoothing operator (Desbrun et al., 1999; 
Meyer et al., 2002). 
Szczensa proposed a new multi-resolution analysis for irregular meshes using the 
lifting scheme, in which she proposed a new prediction operator using Voronoi cells in a 
local neighbourhood (Szczesna, 2007, 2008). 
Recently, the authors have investigated a lifting wavelet algorithm that uses 
curvature-relaxation prediction operator to filter freeform surfaces (Abdul-Rahman et al., 
2012). In this paper, a new prediction operator based on the Gaussian function is 
proposed and the results are shown and compared with the curvature-relaxation lifting in 
the following sections.
3 The lifting wavelet on 3D triangular meshes 
Building a lifting wavelet for freeform surfaces represented by 3D triangular meshes  
is carried out using four major operations as shown in Figure 1. The authors proposed  
a lifting wavelet algorithm that uses a curvature-relaxation prediction operator  
(Abdul-Rahman et al., 2012). In this paper, the lifting wavelet is built using the same 
framework described in Abdul-Rahman et al. (2012), however a new prediction operator 
based on a Gaussian function is also proposed here. 
In this section, we will briefly explain the major building blocks for lifting wavelets 
on 3D triangular meshes followed by a description of the newly proposed prediction 
operator (see Abdul-Rahman et al. (2012) for a detailed description of each building 
block).  
3.1 Lifting wavelet for 3D triangular meshes 
The basic idea of building a lifting wavelet is to decompose an input mesh into a coarser 
mesh (wavelet approximation), together with detailed information (wavelet details) for 
reconstruction, by splitting the mesh vertices into two groups: even and odd vertices. Odd 
vertices are used to update the even vertices. Even vertices are chosen to rebuild the 
coarser mesh that approximates the original mesh. The odd vertices are subsequently 
removed. The updated even vertices are used to predict the odd vertices, and then the 
details coefficients are calculated as the difference between the prediction and the 
original odd vertices. The framework of the decomposition and reconstruction procedures 
is shown in Figure 1. 
The split operator identifies how to split the vertices of an input mesh into even and 
odd vertices. Different methods can be used to select the odd vertices, and the quality of 
the output coarser mesh depends entirely on the selection of the odd vertices. A better 
selection algorithm will produce better approximations. Three different split operators are 
implemented and discussed in the authors’ previous paper (Abdul-Rahman et al., 2012): 
random, shortest-edges and Quadric Error Metric (QEM) split operators. A detailed 
description of each of these split operators can be found in Abdul-Rahman et al. (2012). 
In this paper the QEM method is used to split the input surface mesh into even and odd 
vertices.
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The update operator is designed to preserve the local average of each ring of 
neighbours of the vertices. The average value before and after removing the odd vertices 
is preserved by the update operator. 
Mesh simplification is the process of reducing the number of faces, edges and vertices 
while attempting to preserve the overall geometry as much as possible. It is the step that 
produces the approximate coarser meshes (wavelet approximations) which can be used as 
an input for further decomposition levels. In this paper the half-edge collapse is adopted 
to perform the mesh simplification. 
Figure 1 A generalised lifting scheme on 3D meshes: (a) mesh decomposition
and (b) mesh reconstruction (see online version for colours) 
(a)
(b)
The prediction operator plays a significant role in surface filtration using the lifting 
scheme. It has to predict the properties of the odd vertices using the even vertices. In our 
application, these properties could be the vertex’s position or the vertex texture. A good 
prediction operator minimises the error between the predicted and original values of the 
odd vertex. 
A few lifting wavelet algorithms for surfaces represented by triangular meshes have 
been proposed (Abdul-Rahman et al., 2012; Roy et al., 2005). In these algorithms, the 
prediction operator is defined as a weighted average of all the even vertices that directly 
connected to the odd vertex; these even vertices are called the first ring of neighbours, 
therefore the prediction operator can be expressed by: 
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where f(vi) could be any function or attribute defined over the vertex vi, this function  
in our application is surface texture. ωi,j are the weights of the even vertices in the  
even-ring N(vi).
Designing the weights is very important and different weights can significantly 
improve the filtration process. Roy et al. (2005) and Abdul-Rahman et al. (2012) 
designed the weights based on a curvature-relaxation algorithm that uses the Laplace–
Beltrami operator, where the weights are calculated by: 
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where, ?i,j and ?i,j are the angles opposite to the edge ei,j as shown in the Figure 2. 
A new method to calculate these weights based on a Gaussian function is proposed in 
the following section. 
Figure 2 The definition of relaxation angles ? and ? for the edge ei,j. (see online version
for colours)
3.2 Gaussian prediction operator 
Gaussian filters play an important role in filtering different kind of surfaces. The 
simplicity of the algorithm, ease of implementation and the robustness of the results make 
this type of filtration the first choice for filtration in many applications.  
The linear Gaussian filter is very popular in surface characterisation, it has been 
widely used among researchers and has become an industrial filtration standard  
(ISO 16610-10, 2010). Gaussian filters can be applied to the input surface by convolving 
the measured surface with a Gaussian weighting function. The Gaussian weighting 
function has the form of a bell-shaped curve as defined by the equation (Jiang and 
Whitehouse, 2012) 
2
1( ) exp
c c
xg x π
αλ αλ
? ?? ? ? ?
? ?= −? ? ? ?
? ?? ? ? ?? ?
 (3) 
where, α is given by (ln(2 / ))α π= √  and λc is the cut-off wavelength. 
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In this paper, the authors propose the use of a Gaussian as a prediction operator for 
building the lifting wavelet. The weights of the prediction operator are calculated using 
the Gaussian function. In this algorithm, the Gaussian weights are calculated at each odd 
vertex of the surface mesh depending on the number of neighbours of that vertex and the 
Euclidean distances between the vertex at its first ring of neighbours, i.e., the length of 
the edges, as shown in Figure 3. 
The weights are calculated by: 
2
,
,
1 exp i ji j
c c
x
ω π
αλ αλ
? ?? ? ? ?
? ?= −? ? ? ?
? ?? ? ? ?? ?
 (4) 
where, ω(i, j) is the weight of the Gaussian kernel for the vertex vj for a central vertex vi
and xi,j is the Euclidean distance between the two vertices vi and vj.
2ln 0.4697α
π
? ?
= ≈? ?? ?
λc is the nesting-index, corresponding to the cut-off wavelength in regular cases, which 
determines the smoothness of the output. In this paper λc is constant and set to 0.01. 
Figure 3 A demonstration of the first ring of neighbours and the associated edges that are used to 
calculate the Gaussian weights (see online version for colours) 
4 Results and comparisons 
The proposed lifting scheme based on Gaussian prediction has been implemented and 
tested to filter measured and simulated surfaces represented by 3D irregular triangular 
meshes and the results are shown and discussed in this section. 
The filtration framework that has been used to filter our surfaces is shown in Figure 4. 
It shows how the input surface mesh is decomposed into N-Levels, and the detail 
coefficients are filtered out and set to zero before the surface is reconstructed again.  
More decomposition levels result in a smoother output surface. However, the number of 
decomposition levels is limited and no further decomposition is possible once the base 
mesh has been reached and the surface cannot be simplified further. 
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4.1 Computer-generated surfaces 
Three computer generated surfaces are used to test the performance of the proposed 
algorithm. These surfaces are designed to cover a wide range of non-Euclidean surfaces 
with different topological types. The first surface is a saddle shaped surface which is a 
typical example of a non-Euclidean surface with negative curvature. The second surface 
is a sphere that represents non-Euclidean geometry with positive curvature. The third  
is a more complicated surface with non-constant curvature; we refer to this surface as an 
egg-box surface. All of these surfaces are shown in Figure 5.
Figure 4 Surface filtration algorithm using the lifting scheme (see online version for colours) 
Figure 5 Computer generated non-Euclidean surfaces with: (a) negative curvature surface 
‘saddle-shaped surface’; (b) positive curvature surface ‘spherical surface’
and (c) non-constant curvature surface ‘egg-box surface’ (see online version
for colours) 
Artificial Gaussian noise is added to these surfaces to represent the texture that is 
required to be filtered out using the proposed Gaussian-lifting scheme. The filtration 
results are shown in Figures 6–8. 
Figure 6 shows the results of applying the proposed algorithm on the saddle shaped 
surface. The original noisy surface is shown in Figure 6(a). Figure 6(b)–(f) show the 
results using 2, 4, 8, 16 and 24 decomposition levels respectively. As shown in the figure, 
the proposed algorithm successfully filters the input surface and different smoothness 
levels can be obtained. More decomposition levels give a smoother surface. 
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The applications of the proposed algorithm to the other simulated surfaces are shown 
in Figures 7 and 8. The texture of both closed spherical surface and the egg-box surface 
are filtered out successfully and more decomposition levels produce smoother results as 
can be seen in the figures. 
Figure 6 Texture filtration results of the saddle shaped surface: (a) the original textured surface 
and (b)–(f) the filtration results using 2, 4, 8, 16 and 24 decomposition levels 
respectively (see online version for colours) 
Figure 7 Texture filtration results of the spherical surface: (a) the original textured surface and 
(b)–(f) the filtration results using 2, 4, 8, 16 and 24 decomposition levels respectively 
(see online version for colours) 
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4.2 Measured surfaces 
After the initial application of the proposed algorithm to computer generated  
non-Euclidean freeform surfaces, the relaxation filtering scheme was performed  
on real surface measurement data. A Coordinate Measuring Machine (CMM) was used  
to obtain data from a portion of a hip replacement component. Two surfaces were 
acquired from the CMM and represented by 3D triangular meshes; the first surface has 
3380 vertices and 6591 faces, and the second surface has 7182 vertices and 14,108 faces 
(triangles) as shown in Table 1. These two measured surfaces are shown in Figure 9;  
we refer to these two surfaces as HipJoint-pt1 and HipJoint-pt2 as shown in Figure 9(a) 
and (b) respectively. As with the computer generated surfaces, extra noise is imposed 
onto these surfaces to represent surface texture and then these surfaces are filtered using 
the proposed algorithm. 
Figures 10 and 11 show the results of applying the proposed lifting technique to filter  
the surface texture at different decomposition levels. As with the simulated results,  
the proposed algorithm was successfully capable of smoothing the texture at different 
scales according to the decomposition levels used. 
Figure 8 Texture filtration results of the egg-box surface: (a) the original textured surface
and (b)–(f) the filtration results using 2, 4, 8, 16 and 24 decomposition levels 
respectively (see online version for colours) 
Table 1 Mesh details of the real measured surfaces 
Surface Faces Vertices 
HipJoint-Pt1 6591 3380 
HipJoint-Pt2 14,108 7182 
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4.3 Comparisons with curvature-relaxation lifting scheme 
In this section, the authors compare curvature-relaxation lifting (Abdul-Rahman et al., 
2012) and the proposed Gaussian lifting technique to filter the texture of simulated and 
real surfaces. The results are shown in Figures 12–14. 
Figure 9 Two real measured surfaces obtained with CMM for hip replacement component  
(see online version for colours) 
Figure 10 Texture filtration results of the HipJoint-pt1 surface: (a) the original textured surface 
and (b)–(f) the filtration results using 2, 4, 8, 16 and 24 decomposition levels 
respectively (see online version for colours) 
      
      
      
   256 X. Jiang et al.    
      
      
      
      
Figure 11 Texture filtration results of the HipJoint-pt2 surface: (a) the original textured surface 
and (b)–(f) the filtration results using 2, 4, 8, 16 and 24 decomposition levels 
respectively (see online version for colours) 
Figure 12 Comparisons between curvature-relaxation prediction and Gaussian prediction for the 
spherical surface. (a)–(c) The results of curvature-relaxation filtering using 8, 16
and 24 decomposition levels and (d)–(f) the results of Gaussian prediction
using 8, 16 and 24 decomposition levels respectively (see online version for colours) 
Figures 12 and 13 compare the filtering results of the computer generated spherical and 
the egg-box surfaces using the two lifting methods. The first row of the figures shows the 
results of the mesh-relaxation lifting and second row shows the result of the Gaussian 
lifting. The results shown in these figures are obtained using 8, 16 and 24 decomposition 
levels. As shown in these figures, Gaussian lifting produce smoother results at the same 
decomposition level. 
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Figure 13 Comparisons between curvature-relaxation prediction and Gaussian prediction for the 
egg-box surface. (a)–(c) The results of curvature-relaxation filtering using 8, 16
and 24 decomposition levels and (d)–(f) the results of Gaussian prediction
using 8, 16 and 24 decomposition levels respectively (see online version for colours) 
Figure 14 shows the comparison between the two algorithms for the real measured 
surface. Again, the Gaussian lifting produces smoother results than the curvature-
relaxations at the same decomposition levels. 
Figure 14 Comparisons between curvature-relaxation prediction and Gaussian prediction
for the HipJoint-pt1 surface. (a)–(c) The results of curvature-relaxation filtering
using 8, 16 and 24 decomposition levels and (d)–(f) the results of Gaussian prediction 
using 8, 16 and 24 decomposition levels respectively (see online version for colours) 
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5 Conclusions 
In this paper, the authors propose a novel prediction method to build a lifting wavelet for 
non-Euclidean surfaces represented by triangular meshes. In this method, the weights of 
the prediction operator were calculated using the Gaussian function where the length of 
the edges between the odd and even vertices are used to calculate the weights. Gaussian 
filters have proven their robustness for filtering simple surfaces for many decades, 
therefore, building a prediction operator using the Gaussian function is expected to 
produce good filtering results. 
The proposed method has been tested on simulated and real measured surfaces, and 
the results show that this algorithm is successfully capable of filtering the texture of 
different non-Euclidean surfaces. Furthermore, the results are compared with a curvature-
relaxation lifting algorithm and the comparisons show that the Gaussian based lifting 
produces smoother results for both real and simulated surfaces. 
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